MA34210: AsymMPTOTIC METHODS IN MECHANICS

Solutions 1
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1. Prove that 523 = O(z) as = — 0.

Solution: We note that for 0 < = < 1, 523 < [5z| = 5|z|. It follows that 52% = O(z),
x — 0.

. Prove that 22 + 7 = o(z?) as 2 — +o0.

Solution: Let ¢ > 0 be given. Then for z > V128 V246+28c, we have that

22 + 7| < c|z?.

(See Problem Class 2 solutions for a similar example with hints)

3. Let

(a)
(b)
()

f(z) = 2? sin% g(x) = 4z

Prove that f(z) = O(g(z)) as = — 0.
Show that the asymptotic formula f(z) = o(g(z)), as x — 0, is invalid.
Is the asymptotic formula g(z) = O(f(z)) as x — 0 valid?

Solution:

(a)

‘We note that
5
2% sin =
T

for any = € R; it follows that f(x) = O(g(x)), x — 0.

Consider the ratio

)
= |2?] [sin = | < |2?] < 42?| = |42?|
x

. D
sin —
T

flx)| _1

"= g | 4

We note that hH(l) r(z) = 0 does not exist; it follows that f(z) = o(g(x)), as x — 0, is an
T—

invalid asymptotic formula.

If the statement is true, then there exists some constant C' such that in some neighbour-
hood of z =0,

lg(z)] < C|f(2)],
or equivalently
- 4
~ |sin(2)

x

<C.

‘g(w)
f(z)
It is not possible to find such a constant C', since there are infinitely many points near

x=0 (e.g. m, = %, n=1,2,3,...) at which sin% = 0. At such points, ﬁ becomes

unbounded. It follows that the asymptotic formula is invalid.

AV 2026



4. Prove that Inz = O(z'/?) as & — +oo0.

Solution: For =z > 1,
2
|Inz| =In <<m1/2) > =2Ing!/? < 2212 = 221/,

It follows that Inz = O(z'/?), z — oo.

5. Obtain a two-term asymptotic approximation (i.e. an expression of the form u(z) = ugp(z) +
cui(z) + O(e?) as € — 0) of the solution to the second order regularly perturbed boundary
value problem for the ordinary differential equation

u'(z) —3eu(z) =1+, 0<2<1
u(0) =1, u(l) = 2,
where € > 0 is a small parameter.

Solution: We seek a solution in the form
u(z) = ug(z) + cur(z) + O(?), e —0.
Substituting this Ansatz into the ODE, we obtain
ug(z) + eu(x) — 3eug + O(?) =14¢, &—0. (1)

Comparing terms in €°, we obtain the simple ODE u{ = 1, which we complement with the
boundary conditions ug(0) = 1 and ug(1) = 2. By twice integrating and applying boundary
conditions, the solution is given by

uo(w) = 5w+ 1) +1

Comparing terms in ! in (1), we obtain the ODE u/(z) — 3ug(z) = 1. That is,

322 3w
/! — 4 - el
uy (x) + 5 + X
to which we associate the boundary conditions u1(0) = u1(1) = 0 (note these are homogeneous
boundary conditions since the original boundary conditions have already been satisfied by the
leading order term wug). Solving this ODE by twice integrating and applying the boundary
conditions, the solution is given by

4 3
x 3x 19z
ul(x):2x2+—+ﬁ——.

8 8
The overall solution to the original problem is therefore
4 3
3 19
u(z) = ”;(x+1)+1+s<2x2+9;+1$2—;) +0(?), £—0.



6. Obtain two-term asymptotic approximations of all three roots of the cubic equation
P —x4e=0,

where € > 0 is a small parameter.

Solution: We seek a solution in the form
r=x0+exr; +O0(%), €—0.

Substituting this Ansatz into the cubic equation (noting that 3 = 23 + 3ex3x, + O(e?)), we
obtain
x3 + 3eadry — xo — exy 4 € + O(?). (2)

0 3 2 _

Comparing terms in €”, we obtain the problem zj — 29 = 0 & z¢(zg — 1) = 0, and so
g =0,—1 or +1.

Comparing terms in ¢!, we obtain the problem 3z2z; — x1 + 1 = 0. For the three cases

xo = 0,—1,+1, this has respective solutions z; = 1, —%, —%. Our two-term approximations
for the three roots are therefore

0+e+0(e?),
r=q-1-£4+0(%, e—0.
+1— £+ 0(e?),

7. Let a, be such that a,y1 > a,. Prove that the sequence

{0n(2)} ={e"27"}, =z — o0,

forn =0,1,2,..., is an asymptotic sequence.
Solution: Consider the ratio %‘;:7(1;;”). We have that

Opp1(w)  ePamaontl

= = g~ (@nt1=an) 50 a5 7 — 0,
on () ety an

since ap41 — an > 0. It follows that §,11(x) = 0(dn(x)) as © — oo, and so the sequence is an
asymptotic sequence.



