MA34210: AsymMPTOTIC METHODS IN MECHANICS

Problem Class 1 — Solutions
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Big-O
1. Prove that 4z* = O(x3) as = — 0.

For 0 < z < 1, we have that
|4zt| = 42 < 4]23).

It follows that 4z* = O(2?) as x — 0.

2. Prove that 42* = O(2%) as * — oc.
For x > 1, we have that
|42t| = 42 < 4z’
It follows that 4z* = O(2®) as x — oo.

3. Prove that —4z* = O(2%) as z — oo.
For z > 1, we have that
| — 42| = 4o < 4]z

It follows that 42 = O(2®) as z — oo.

4. Prove that z° cos% =

O(7x3) as z — oo.

Note that for any = > 0, the following inequality holds:

3
3 cos‘ = |23
T
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— | < 1= =17 X
cosx‘_\x] 7\3:\
It follows that 23 cos 2 = O(723) as  — oo.

Little-O
5. Prove that 3z + 4 = o(z?) as  — co.
Let ¢ > 0 be given. Then for z > Sty I+16e V29:r16'3, we have that
132 + 4] < c|z?|.

It follows that 3z + 4 = o(z?) as © — oo.

Note: The key bit of this type of question is to find the critical value beyond which the inequality

holds (in this case EARVAAS LI VQQCHGC). Curve sketching the two functions concerned (here 3x + 4 and
2
cz®) can be helpful.
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6. Show that the following asymptotic formula is invalid: 23 cos L= o(7z3) as z — 0.

3
T

< cfor all 0 <z < 4. However,

If 23 cos 2 = o(7x3) as x — 0, then there exists some § = §(c) for any given ¢ > 0 such that
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and since | cos 2| oscillates rapidly between £1 as z — 0, we note that hH(l) {%]cos 2|} does
T—r
3

not exist. We deduce that no such § exists; it follows that 2° cos 2= o(7Tz3) as x — 0 is an

invalid statement.
Regular perturbation problems

7. Obtain a three-term asymptotic approximation (i.e. an expression of the form u(x) = ug(x)+
cuy(z) +e?uz(z) +0(e3) as e — 0) of the solution to the first order perturbed boundary value
problem for the ordinary differential equation

u'(z) — eu(x) =sinz, x>0
u(0) = 1.

where € > 0 is a small parameter.

We substitute the ansatz u(x) = ug(x) + euy(z) + 2us(x) + O(3), ¢ — 0 into the ODE to

obtain
2

up(z) + euf () + 2uhy(2) — cug(z) — e®up (z) + O(3) =sinz, & — 0.
Collecting coefficients of terms in € gives

ug(z) = sinz,

which upon integration with respect to z yields ug(xz) = A — cosx, where A is an arbitrary
constant. Applying the boundary condition uo(0) = 1 gives that A = 2, so ug(z) = 2 — cos z.

Collecting coefficients of terms in ! gives
uy(z) — uo(x) = 0,

which upon substituting for the now known function uy becomes
uy(z) =2 — cosz.

Integration with respect to x yields u;(z) = 2z —sinz + B, where B is an arbitrary constant.
Applying the boundary condition u1(0) = 0 (NB: this is zero NOT one, since terms after ug
have homogeneous boundary conditions) gives that B = 0, so u;(z) = 2z — sin x.

Collecting coefficients of terms in €2 gives
uy(x) — ur(x) =0,
which upon substituting for the now known function u; becomes

uh(z) = 2x — sinz.



Integration with respect to z yields ug(x) = 2% + cos x + C, where C is an arbitrary constant.
Applying the boundary condition us(0) = 0 gives that C = —1, so us(x) = 2% + cosx — 1.

Consequently the three-term asymptotic approximation is

u(z) =2 —cosx + e(2x — sinz) + e2(2® + cosz — 1) + O(e®), & — 0.

. Obtain two-term asymptotic approximations of all three roots of the regularly perturbed
cubic equation
2® —3r+¢e=0,

where € > 0 is a small parameter.

Problem moved to Assignment as we didn’t cover it in the Problem Class. Hint: as usual,
substitute in @ = zg + ex; + O(e?) into the cubic equation and equate coefficients of €° and
then &' to find 2y and 1 respectively.



